We propose and analyse the feasibility of extracting energy from vortex-induced vibrations using rotating motion of an attached pendulum. The resulting autoparametric pendulum system is studied primarily to understand the effect of pendulum motion on the performance of the harvester which is typically ignored to result in a simple parametric pendulum. We find that rotating motions are possible only for small values of the pendulum mass when compared with the effective mass of the vibrating structure. However, the pendulum motion reduces the basin of attraction as well as the range of system parameters corresponding to the existence of rotary solutions. This significantly alters the harvester performance. By contrast, the evolution of the pendulum coordinates (angular position and velocity) remains largely unaffected by this interaction. Hence, for the purpose of design of controllers to robustly initiate/maintain rotation from arbitrary disturbances, the simplification to a parametric pendulum is reasonable while for the design of the harvester, this exercise is completely unsatisfactory.
Introduction
With an increase in the demand for energy, there has been increased emphasis on alternative sources. One such option is to harvest energy from ambient vibrations. There have been several proposals on harvesting energy exploiting the various motions of a pendulum mounted on a vibrating structure [1] [2] [3] [4] [5] [6] . In most of these studies, the interaction between the pendulum motion and the vibrating structure is ignored. This is possibly justified for the oscillatory motion of the pendulum. However, for rotating motions of the pendulum which have recently been proposed to extract energy from water waves [1] [2] [3] [4] , the pendulum motion can lead to a significant modification in the motion of the vibrating structure itself and, hence, can have an adverse effect on the harvested energy. Incorporation of this interaction for the wave energy extractor requires a model for sea waves under nonlinear forcing conditions which is hard to achieve. Hence, to highlight the importance of the interplay between the motions of the pendulum and the harvester structure, we study a pendulum-based energy harvester exploiting vortex-induced vibrations (VIV) [7] . This is a new concept proposed in this paper. However, it has mainly been studied with the intent of demonstrating the importance of the pendulum motion on the effectiveness of the harvester and a detailed feasibility study of this novel harvester has not been performed. Future studies involving initiation controllers as well as comparison with existing VIV-based harvesters will shed light on this aspect of the harvester.
The new energy harvester works on the principle that a cylinder in a steady fluid flow can oscillate with significant amplitude when the vortex shedding frequency from the cylinder matches with the natural frequency of the structure (in turn determined by the flexibility of the supporting assembly). These vibrations are known as VIV, and there are several devices to extract energy using these vibrations, all of which are classified as VIVACE (vortex-induced vibration aquatic clean energy) devices [8] . We note that although energy extraction from VIV is not new [9, 10] , the use of pendulum rotation for a VIVACE harvester proposed in this paper has not been explored yet. Our VIVACE device consists of a pendulum attached to the vibrating cylindrical structure and employs its period-1 rotation to extract energy from VIV. The vibration of the cylindrical structure acts as the base-excitation for the pendulum in this energy harvester. However, the vibration of the cylinder gets modified by the pendulum motion since a rotating pendulum results in a fluctuating reaction force on the cylinder. Hence, the motions of the pendulum and the cylinder are coupled. Furthermore, as the base-excitation to the pendulum is not pre-specified as a function of time and comes out as a solution to the coupled system, this system does not have an explicit parametric excitation. It is rather an autoparametric system similar to the pendulum-based vibration absorbers [11] [12] [13] [14] [15] , and energy is extracted from the rotating motions of the pendulum.
We find that the rotating motions are only possible when the mass of the pendulum is at least two orders of magnitude smaller than the mass of the base structure. Even with this small mass, the pendulum motion significantly modifies the motion of the base structure. In addition, the interaction significantly alters the range of system parameters for which the rotating motions are possible. Hence, the effectiveness of the harvester is adversly affected by the interaction and all concepts exploiting rotating motions of a pendulum for energy extraction should include this interaction. On the other hand, the angular displacement and velocity of the pendulum for the rotating motion with the interaction included is captured fairly well by neglecting the effect of the pendulum motion on the base structure. Hence, for capturing pendulum rotation, we can neglect the dynamics of the base structure and the vibration source and replace it by a prescribed base motion thereby giving rise to a parametrically forced pendulum. This simplifies further study of the system and development of control strategies to ensure initiation of rotation [4, [16] [17] [18] [19] . Control strategies are required for an effective harvester since a stable rotating solution is always accompanied by other attractors resulting in a limited basin of attraction (for rotation) and special initial conditions are required to ensure a rotating response. We note that the effect of the interaction between the pendulum and the base structure (which is neglected in the parametric pendulum model) is essentially to modify the phase difference between the motion of the structure and the pendulum rotation. Hence, it modifies the basins of attraction of the rotating solution in the space of initial conditions for the pendulum. However, with the control strategy developed in [18, 19] , the entire initial condition space becomes the basin of attraction of the rotating motions of the parametric pendulum and hence, this issue can possibly be circumvented.
The rest of the paper is arranged as follows. In §2, we introduce our newly proposed energy harvesting device along with its equations of motion (EOMs). We also obtain the corresponding non-dimensionalized equations in this section. A detailed dynamical study of our system with special attention to period-1 rotation is carried out in §3. We finally conclude our study in §4.
The energy harvesters
In this work, we will consider two different configurations of the harvester, viz. with the cylinder allowed to move only in the vertical (parallel to gravity) direction and the cylinder allowed to move only in the horizontal (perpendicular to gravity) direction. The fluid flow is assumed to be always perpendicular to gravity and the direction of cylinder motion. We have ignored the motion of the cylinder parallel to the fluid flow. These two configurations of the system emulate the vertical and horizontal excitations for the parametric pendulum [2, 3] . A schematic of the simplified physical model for the VIV harvester is shown in figure 1 . The EOMs for these two configurations are obtained using the Euler-Lagrange equation.
To obtain the EOMs for these cases, we require a model for the fluctuating forces from the fluid on the structure because of vortex shedding. A detailed model for this requires a coupled fluid-structure computational fluid dynamics (CFD) simulation. However, Bishop & Hassan [20] proposed that these fluctuating forces can be approximated as a nonlinear self-excited fluid oscillator. Following this proposal, researchers have developed several reduced order models of this fluid or wake oscillator for an efficient study of the structural response undergoing VIV [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . All of these models essentially incorporate a self-excited oscillator (e.g. a van der Pol oscillator) for the fluctuating lift force on the structure with the structural motion acting as an excitation for this fluid/wake oscillator. The various models differ in the form of the forcing on the wake oscillator by the structural response, e.g. displacement coupling [27] , velocity coupling [21, 22, 25] and acceleration coupling [23, 24, 28] . Facchinetti et al. [28] provided a detailed comparison among the models incorporating all the three types of coupling and recommended the acceleration coupling for better correspondence with experimental observations. However, researchers active in the field of VIV employ all the three different types of coupling. Our study in this paper is focused on the interaction between the pendulum and the cylinder motion and hence, any reasonable model for the wake oscillator coupled with the structure can be employed. In particular, we have employed the velocity coupling proposed by Hartlen & Currie [21] but have followed the modeling approach proposed by Facchinetti et al. [28] . There is a benefit in the choice of velocity coupling as it results in a unique lock-in region as opposed to two such regions present in both displacement and acceleration coupling [28] . This eases the search for period-1 rotations of the pendulum. We have enhanced the model of Facchinetti et al. [28] by adding additional forces from the pendulum on the cylinder.
(a) Derivation of equations of motion
To obtain the complete set of EOMs for our system, we derive the EOM using the Lagrangian approach for the cylindrical structure coupled with the pendulum. In doing so, we have employed a non-conservative excitation on the structure from the fluid and non-conservative force from a torsional damper acting on the pendulum. For the excitation resulting from the fluid-structure interaction, we have employed the wake oscillator model proposed by Hartlen & Currie [21] to close the system. We note again that we could have used any other reduced order VIV model for this purpose, and there is no specific reason for this choice. This model has been used as it is fairly popular among researchers studying VIV. We finally non-dimensionalize the equations for the cylinder and the pendulum using the time scale corresponding to the vortex shedding frequency and length scale as diameter of the cylinder following Facchinetti et al. [28] . This helps us in directly incorporating the non-dimensional wake oscillator equation in our final EOM without going through the detailed procedure outlined in Facchinetti et al. [28] . As noted before, we will use the vertical as well as the horizontal configuration for the cylindrical structure. We will derive equations for both these cases separately starting from the vertical configuration. The length of the cylinder will be taken as 1 unit to better correspond with a two-dimensional model for VIV. 
(i) Vertical configuration
To derive the EOM for the cylinder coupled with the pendulum corresponding to the vertical configuration, i.e. the cylinder allowed to vibrate along the gravitational direction (figure 1a), we have isolated the system from the wake oscillator and replace interaction with it using an external force S v as shown in figure 2a . From figure 2a, the total displacement of the pendulum bob is (L sin θ, −L cos θ + Y), where Y is the vertical displacement of the cylinder, L is the length of the massless pendulum rod, and θ is the angle made by the pendulum rod with the vertical axis. We have obtained expressions for kinetic and potential energy using the above displacement which results in the Lagrangian of the system. Applying the Euler-Lagrange equation, we obtain the following equation (see electronic supplementary material, S1, for a detailed derivation) corresponding to the cylinder:
where overdots imply the derivative with respect to dimensional timet. All the dimensional parameters involved in the equations in this section are listed in 
Ω s is the natural frequency of the cylinder structure rigidly attached to the pendulum. resulting from the pendulum motion. Similarly, the EOM for the pendulum can be obtained as
To complete our set of EOMs, we require a wake oscillator model for S v . The wake oscillator equation is directly reproduced from Facchinetti et al. [28] with velocity coupling instead of acceleration coupling, which is
where¯ determines the Van der Pol damping strength, A v is non-dimensional velocity coupling coefficient and q w is non-dimensional wake variable (reduced vortex lift coefficient) which is given by q w = 2C L /C L 0 . Thus the lift force S v in terms of q w is given by S v = q w (ρU 2 f DC L0 /4).
(
ii) Horizontal configuration
Similarly, when the cylinder is restricted to oscillate perpendicular to the gravitational direction (figure 1b), the corresponding isolated system is given by figure 2b. The total displacement of the pendulum bob is (L sin θ + X, −L cos θ), where X is the horizontal displacement of the cylinder, L is the length of the pendulum rod and θ is the angle made by the pendulum rod with the vertical axis. For this configuration, the EOM corresponding to the cylinder is
Similarly, the EOM for the pendulum can be obtained as 
We have chosen the time scale corresponding to the vortex shedding frequency, i.e. Ω f and length scale corresponding to the diameter of the cylinder, i.e. D for the non-dimensionalization of our EOMs (following Facchinetti et al. [28] ). Thus, the non-dimensional equations for the vertical configuration of the harvester are given by
wake oscillator:q w +¯ (q where y = Y/D and
where M v is a non-dimensional parameter determining the effect of the vortex on the cylinder motion. The functional form for M v in terms of the various non-dimensional parameters has been provided later where we have listed all the nondimensional parameters. Overdots now imply the derivative with respect to the non-dimensional time t, where t = Ω ft . Similarly the non-dimensional equations for the horizontal configuration are The non-dimensional parameters present in equations (2.7)-(2.12) are listed below:
f . Among these non-dimensional parameters, μ 2 , which is the ratio of the pendulum mass to the total effective mass of the structure including the pendulum mass, determines the influence of the pendulum motion on the cylinder motion, and l d determines the influence of the cylinder motion on the pendulum motion. Hence, μ 2 and l d together describe the coupling between the cylinder and the pendulum. In the limit of μ 2 → 0, the effect of pendulum motion on the oscillation of the cylinder can be neglected and the motion of the cylinder-wake oscillator system can be decoupled from the pendulum. The pendulum equation in this scenario becomes the base-excited pendulum which can be studied separately. We note that in this limit, the equation for the pendulum motion for our VIV extractor becomes the same as that for the wave energy harvester [2, 3] as the vibration source does not experience the presence of the pendulum.
System dynamics
In this section, we have studied the autoparametric pendulum system representing the VIV energy harvester with special attention paid to period-1 rotation. The EOMs for this system have been derived in §2. In particular, we have focused on the interaction between the vibration of the cylinder and the pendulum motion and its influence on the harvester performance. Our study is geared towards establishing the various characteristics of the response which can/cannot be reliably captured when the influence of the pendulum motion on the structure is neglected. We first start with the study of the vertical configuration of the harvester. 
(a) Vertical configuration
The relevant EOM for studying the dynamics of the energy harvester corresponding to the vertical configuration are equations (2.7)-(2.9). Note that the effective restoring stiffness of the pendulum (in equation (2.9)) depends on the acceleration of the cylinder (ÿ) making it an autoparametric system. We first explore the possibility of existence of rotating solutions of the pendulum for our system.
(i) Possibility of rotation
For period-1 rotation to exist in this system, the amplitude of the cylinder motion which effectively acts as the base excitation to the pendulum has to be significant. To find out the region in the parameter space where this is true, we study the uncoupled cylinder-wake system by putting μ 2 = 0 so that the cylinder oscillator does not experience the presence of the pendulum. Since substitution of μ 2 = 0 in equation (2.7) uncouples it from the pendulum equation (equation (2.9) ), we also leave equation (2.9) for this preliminary exploratory study. The resulting system is the traditional model for vortex-induced vibration, i.e. equations (3.1) and (3.2) given bÿ figure 4 . It is clear from equations (2.7)-(2.9) that both θ and −θ are solutions, which implies that rotary solutions always appear in pairs for our system, one rotating anti-clockwise and the other clockwise (figure 4). We next obtain a good approximation for the exact combination of the initial conditions for the various states corresponding to period-1 rotation. This has been obtained by setting up a numerically evaluated map whose fixed point obtained using the Newton-Raphson method gives the period-1 rotation (see electronic supplementary material, S2, for details of this numerical procedure). The numerical solution obtained over one time period using the initial conditions, thus obtained, is shown in figure 5 . This numerical procedure will be used later for more detailed analysis. Having observed the existence of period-1 rotation for our autoparametric system, we now study the effect of the interaction between the pendulum and the structure motion on the existence of this rotating solution.
(ii) Effect of coupling As noted earlier, the cylinder experiences the presence of pendulum through the coupling parameter μ 2 . In order to access the effect of the pendulum rotation on the structure, we have simulated our system of equations (2. significantly. This observation is critical in exploiting period-1 rotation to extract energy from the cylinder vibration since the harvester performance which is estimated by the range of operating conditions for which energy is extracted will be modified.
To get a better estimate of the range of parameters corresponding to the existence of period-1 rotation, we have employed the numerical procedure for obtaining the period-1 rotation in conjunction with a fixed arc-length based continuation scheme [31] . The results obtained using this approach with δ v as well as μ 2 beyond which period-1 rotation does not exist. It can be seen from figure 8b that this limiting value is μ 2 ≈ 0.003 for the three values of 0.65, 0.7 and 0.75 for δ v . As these values lie in the middle portion of the existential range of δ v in 8a and 0.7 shows the largest limiting μ 2 value, we can conclude that for this combination of system parameters, rotation does not exist when the pendulum mass is heavier than 300th part of the effective mass of the structure. As the pendulum mass is very small compared with the structure mass for the appearance of rotation in our system, we might be tempted to ignore the interaction and reduce our system to uncoupled wake-cylinder system with its solution acting as parametric excitation to the pendulum. However, as is clear from figure 8a, this will lead to significant error in obtaining the δ v range corresponding to enhanced performance of the harvester. Hence, in order to better understand the correct set of system parameters corresponding to efficient harvesting of ambient vibrational energy employing pendulum rotation, we should always model the interaction between pendulum motion and the vibration source.
The continuation study which led to figure 8 does not capture the information about the stability of the solution and hence sheds no light on the nature of bifurcation at the various points C 1 , C 2 , C 3 and C 4 , which is of academic interest. To understand the nature of bifurcation at these points, we need to augment the numerical solutions, thus obtained, with a numerical evaluation of the Floquet multipliers and perform a bifurcation study of these physically periodic solutions. There are challenges in this analysis since the rotating solution is mathematically not periodic. Hence, we have not performed this analysis. We have rather relied on numerical simulations performed with a small disturbance to the numerically obtained conditions for a rotating solution and ascertain the stable and unstable branches. Numerical simulations show that points on the segment C 1 C 2 are stable, whereas points on the remaining segments, i.e. C 2 C 3 , C 3 C 4 and C 4 C 1 are unstable for figure 8a. Similarly for figure 8b, numerical simulations reveal that points on the lower branches are stable while the upper branches correspond to unstable rotations. For a smaller value of δ v = 0.65 in figure 8b, we have a more complicated response and over here the segment A 0 A 1 is stable, whereas segments A 1 A 2 and A 3 A 4 are unstable. Segment A 2 A 3 starts off as stable around the point A 2 and becomes unstable somewhere in between such that points near A 3 are unstable.
Having observed that ignoring the influence of the pendulum on the motion of the cylinder can lead to a significant mismatch in the set of system parameters where rotation can exist, we explore other features of the rotating solution which can hopefully be captured by this simplification. Towards this end, we first observe the time evolution of the cylinder vibration and the pendulum rotation for two different values of μ 2 , i.e. for μ 2 = 0 and μ 2 = 0.0025 as shown in figures 9 and 11. obtained by shifting the time axis for the solution at μ 2 = 0.0025 as t − 0.2132, it becomes clear that even though the amplitude of the cylinder oscillation reduces significantly for μ 2 = 0.0025, the time-period remains nearly the same with a modification in the phase between the wake oscillator and the cylinder oscillator. It is this change in the phase which accounts for a reduction in the amplitude of the cylinder. For a given δ v , the amplitude of the wake oscillator is largely unaffected by μ 2 ( figure 10 ) and, hence, the effective excitation force on the cylinder which is dominated by the wake oscillator remains the same. However, the change in the phase modifies the power input to the cylinder thereby altering its amplitude.
On the other hand, we can notice from figure 11 that the variation of the pendulum states (θ andθ) for the period-1 rotation almost remains the same whether we have μ 2 = 0 or μ 2 = 0.0025. We notice that time shifts in θ andθ are different (t-0.5543 for θ and t-0.5990 forθ) but the difference is small. Hence, effectively μ 2 only modifies effective phase between the wake oscillator and the pendulum (a time shift of t − τ where τ ∈ [0.5543, 0.5990]). Since this change in phase between the wake oscillator and the pendulum is different from the phase shift for the cylinder oscillator, the phase difference between the cylinder and pendulum motion is altered by the incorporation of a non-zero μ 2 (by approx. 0.245-0.277 radians for μ 2 = 0.0025). Hence, for all set of parameters for which rotation exists for a given μ 2 , a very good approximation to the exact rotating solution can be obtained by neglecting μ 2 which effectively decouples the wake-cylinder system from the pendulum. This leads to a major simplification since the pendulum can now be studied as a base-excited parametric pendulum as opposed to the original autoparametric system. The shortcoming of this simplification is that the phase difference between the pendulum and the cylinder motion is different from the phase difference between the pendulum and the base excitation. This will cause the basin of attraction of the rotation (the set of all initial conditions from which rotation can be initiated) for the autoparametric system to be different from that obtained for the effective parametric pendulum (obtained for μ 2 = 0) as shown in figure 12 .
We note that the phase space for our system is six-dimensional which is hard to visualize. Hence, we have obtained only a two-dimensional slice of the basin of attraction in the set of initial conditions pertaining to the pendulum while keeping the other four state variables constant at the value of y(0) = 0.03354,ẏ(0) = 0.12542, q w (0) = 2.94663 andq w (0) = 0 which along with appropriate initial conditions on θ corresponds to period-1 rotation for μ 2 = 0.0025. It can be seen from figure 12 that the basin of attraction reduces with an increase in μ 2 which has an adverse effect on the harvester performance since rotation will not initiate from the initial conditions for the pendulum motion as suggested by a study of the parametric pendulum which is obtained with μ 2 = 0. However, for using the rotating motion of a pendulum for energy harvesting, we typically employ a controller [18] to guarantee robust initiation of rotation from all initial conditions. In such a situation, the phase shift introduced by incorporating the two-way coupling between the pendulum and the structure becomes irrelevant and we can replace the autoparametric system with a parametric pendulum. We now repeat the above study for the vertical configuration of the VIV energy harvester with the horizontal configuration in the next subsection.
(b) Horizontal configuration
The relevant EOM for studying the dynamics of the energy harvester corresponding to the horizontal configuration are equations (2.10)-(2.12). Note that the pendulum (equation (2.12) ) is now excited by the horizontal acceleration (ẍ). The above system does not have the reflection symmetry θ → −θ and, hence, it is not clear whether both anti-clockwise and clockwise rotating solutions will coexist as was observed for the vertical configuration. Numerical simulations reveal that even in this system, both anti-clockwise and clockwise rotations exist in pairs (figure 13). Having established that both clockwise and anti-clockwise rotating solutions exist for this configuration as well, we study the effect of coupling on the system response. Hence, even in this configuration, the effect of coupling is to reduce the range of system parameters for which period-1 rotation exists. The effect of the interaction between the period-1 rotation of the pendulum and the cylinder vibration on the lock-in region can be observed from figure 15. We can notice that period-1 rotation significantly modifies the cylinder amplitude which is largely attributable to a modification in the phase shift between the wake oscillator and the cylinder oscillator as shown in figure 16 . For a given δ v , the amplitude of the wake oscillator is largely unaffected by μ 2 ( figure 17) . In figure 18 , we have shown the time-shifts required in the pendulum variables such that the solution for μ 2 = 0.0025 matches the μ 2 = 0 solution. Again the effective time shift (∈ [0.5242, 0.5500]) is different from that required for the cylinder variable and, hence, the simplification to a base-excited pendulum will lead to a phase difference between the cylinder and pendulum motion to be different from that obtained between the pendulum and the excitation. Hence, the basin of attraction for the parametric pendulum and the one obtained for the autoparametric pendulum will be different. However, as discussed earlier, the presence of a controller to robustly initiate rotation negates this effect.
We have also continued period-1 rotation (anti-clockwise) w.r.t. δ v as well as μ 2 to see how its stable and unstable branches co-exist. These results are shown in figure 19 . From figure 19b , we can conclude that the range of μ 2 corresponding to existence of period-1 rotation does not vary much with δ v . Numerical simulations show that points on the lower branches are unstable and those on the upper branches are stable.
We finally conclude this study on the horizontal configuration with the two-dimensional slice of the basin of attraction of the period-1 rotation shown in figure 20 . It can be seen that the combined basin does not cover the whole initial condition space and, hence, an external controller is required to ensure that rotation can be initiated independent of the initial disturbance in order to ensure good performance of the energy harvester [18] .
Conclusion
In this paper, we have proposed a novel energy harvesting device employing a pendulum to extract energy from VIV. Both vertical and horizontal configurations of the harvester are considered. We systematically derived EOMs for both the configurations wherein the complete interaction between the pendulum and the structure motion has been retained. This results in an autoparametric pendulum system. We then have studied the dynamics of the energy harvester system with attention focused to the period-1 rotation which is the motion of interest from the point of view of energy harvesting. A detailed study of the autoparametric pendulum system representing a VIV energy harvester reveals that the harvester performance is significantly affected by the inclusion of the complete interaction between the pendulum and the structure. However, the functional form for the rotating solution can be fairly accurately captured by ignoring the effect of the pendulum motion on the base structure. This effectively leads to a decoupling of the vibrating structure from the pendulum and, hence, the pendulum can be studied as a periodically base-excited parametric pendulum. This simplification greatly facilitates development of robust initiation controllers to initiate and maintain period-1 rotations which is crucial for the effective functioning of the harvester. This study also revealed the importance of an initiation controller to ensure robust harvester performance since the basin of attraction of the rotating solution of the autoparametric system is fairly narrow.
The findings of this study have implications for all pendulum-based energy harvesters where the interaction is typically ignored at the design stage which could lead to a severe underperformance of the final product. It also substantiates previous studies on development of initiation controllers wherein the harvesting devices are modelled as simple parametric pendulum by providing a justification for the same. Future studies on applying the control laws thus developed on the full autoparametric pendulum system will shed more light on the final validity of this simplification. Another point to note is that there is no qualitative difference between the vertical and horizontal configuration of the harvester. Hence, in terms of the effect of interaction and the need of an external controller to ensure enhanced performance of the energy harvester, the direction of excitation does not play any significant role.
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